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A Semi-analytical Description for the Formation and Gravitational 
Evolution of Protoplanetary Disks

     We investigate the formation process of self-gravitating protoplanetary disks.The angular momentum in the disks is 
redistributed by the action of gravitational torque in the massive disk in its early formation stage. We develop a simplified 
one-dimensional accretion disk models that take into account the infalling gas from the envelope onto the disk and the 
transfer of angular momentum within the disk in terms of effective viscosity. We find that the disk evolution does not 
depend on the detail of modeling for effective viscosity.  The structures of resultant disks agree with the results of three 
dimensional simulations.

Sanemichi Z. Takahashi (Kyoto University/Nagoya University), 
Shu-ichiro Inutsuka (Nagoya University), Masahiro N. Machida(Kyushu University)

Star formation start with the gravitational 
collapse of the cloud core.

Planets are formed in the protoplanetary disks.

Star Formation

Planet Formation

1. Introduction

A protostar and a circumstellar disk 
are formed .

All of gas accrete onto the disk. 
→Protoplanetary disk
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Gas accretion from the cloud core

Ω : angular velocity 
j :  specific angular momentum

Angular momentum conservation 

Mass conservation

Force balance  between the 
centrifugal force and gravity

Σ:surfase density 
F: mass flax

Mr :  total mass enclosed within radius r
•Initial conditions : protosar mass 10-2 Msun, zero disk mass
•Cloud core: mass 2.5Msun, angular velocity Ω0 = 4.8x10-14 s-1 

3. Calculations

4. Results

5. Summary

2. Gravitational evolution of the disks
In the early formation stage,  the protoplanetary 
disk is more massive than the protostar.

The process depends on the detail of the spiral arm.

Dependence on effective viscosity 

3.5x105 year after the protostar is formed. 
All of the gas accrete onto the disk.

No large difference in the surface densities of 3 models.

• The process of the star and planets formation

Protoplanetary disks provide an initial condition of the 
planet formation .

We investgate the formation process of 
protoplanetary disks.

→

→ gravitationally unstable
→ Spiral arm is formed.
→ nonaxisymmetric gravity
→ gravitational torque
→ angular momentum is redistributed

We test the effective viscosity model.
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• Formation and evolution of protoplanetary disks in the 
early stage is investigated using the effective viscosity 
model.

• The disk evolution is self-regulated and does not depend 
on the detail of modeling for effective viscosity.

• The structures of resultant disks agree with the results of 
three dimensional simulations.

• Each run takes only about 10 seconds in laptop 
computers!

disk model

(cf. Zhu et. al. 2010)

cs : sound speed

を得る。あるいは動径方向のmass flux F(= 2πr!rΣ)を用いて、
∂

∂t
(2πrΣ) +

∂F
∂r
= 0 (4.29)

と表せる。θ方向の運動方程式に 2πr2を掛けて z方向に積分すると、
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+ F
∂ j
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これと質量保存の式をあわせて、
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(F j) =

∂
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となる。動径方向の運動方程式は、遠心力と重力の釣り合いを仮定すると、外力
Kr = ∂Φ/∂rとして、

j2

r3 =
∂Φ

∂r
, (4.32)

を得る。ここで M∗は中心星質量、Φは重力ポテンシャルである。
ここで、円盤が中心星より十分に軽い特別な場合を考える。このとき、

j2

r3 =
GM∗

r2 , (4.33)

j =
√

GM∗r. (4.34)

また、Ṁ∗ = 0と見なせるので ∂ j/∂t = 0。すると
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, (4.35)
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これを連続の式に代入して、
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(4.37)

を得る。これを適切な初期条件、境界条件のもとに積分することで円盤の面密度
の進化を得られる。

4.2.1 ガス降着の寄与
より一般に、重力崩壊した分子雲コアから円盤へのガスの降着がある場合を考
える。単位時間、単位半径あたりに降着するガスの質量を gaccとし、そのガスの

37

mass flux 
(~ mass accretion rate ) 
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β0=3x10-3 β0=5x10-3 β0=3x10-2

tc=1.0x105 [yr] Mps=0.48 [Msun] tc=1.1x105 [yr] Mps=0.43 [Msun] tc=2.8x103 [yr] Mps=0.14 [Msun]

Figure 11. Final states on the cross section of z = 0 (each top panel) and y = 0 (each bottom panel) planes for models with β0 = 3 × 10−3 (model 5), 5 × 10−3

(model 4) and 3 × 10−2 (model 2). The density distribution (color scale) is plotted in each panel. The time elapsed after the protostar formation (tc) and protostellar
mass (Mps) are shown in the upper part of each panel.
(A color version of this figure is available in the online journal.)

3. 10−5 < β0 < 5×10−3: fragmentation in the main accretion
phase,

4. β0 < 10−5: no fragmentation.

Although models having parameters of 5 × 10−3 < β0 <
3 × 10−2 show no fragmentation, these models may show
fragmentation in subsequent evolution stages. We calculated
the disk evolution by the end of the main accretion phase in this
study, while it is considered that the subsequent later phase of
star formation before the main-sequence phase lasts for ∼107 yr.
As listed in Table 1, the mass of the circumstellar disk for the
no fragmentation models is comparable to the protostellar mass
at the end of the main accretion phase, in which Toomre’s Q
is nearly unity, Q ∼ 1. Such a disk can fragment to form
several clumps when the cooling timescale is shorter than the
Kepler rotational timescale in the protoplanetary disk (Gammie
2001). In this study, we adopted a barotropic equation of state
that makes the direct disk calculation from the molecular cloud
until the end of the main accretion phase possible. In the main
accretion phase, the mass of the circumstellar disk overwhelms
the protostellar mass with Q $ 1. In such a situation, it
is expected that the cooling process is not so important for
fragmentation. Instead, to investigate a marginal stable disk
with Q ∼ 1, the cooling process may be important (Durisen
et al. 2007). Ideally, we should investigate the circumstellar
disk formation from the molecular cloud core with radiative
hydrodynamics, though we need to wait for further development
of computational power to perform such calculations. Note that
we added only m = 2 non-axisymmetric density perturbation to
the initial state. Thus, the fragmentation condition derived in this
study may change (only) quantitatively when other perturbation
modes (especially m = odd number) are added to the initial state.
However, we can expect that fragmentation in the circumstellar
disk generally occurs because a massive circumstellar disk
inevitably appears in the star formation process.

4.2. Implication for Planet Formation

As described in Section 4.1, a massive circumstellar disk in-
evitably appears in the main accretion phase. This is because

the first core that is a precursor of the circumstellar disk is
about 10–100 times more massive than the protostar, reflecting
the thermodynamics of the collapsing gas. Such a massive disk
tends to show fragmentation owing to gravitational instability
(Durisen et al. 2007). In our calculation, many models showed
fragmentation and formation of small clumps in the circum-
stellar disk. As listed in Table 1, at the end of the calculation,
fragments have a mass of Mfrag = (19–72) × 10−3 M% with a
separation of rsep = 7.1–94.2 AU. Note that the mass and sep-
aration of fragments may change to some degree if we include
the effect of radiative cooling (see Section 4.5).

For every model, fragments survived without falling into the
central protostar. Although the masses of fragments exist in the
range of the brown dwarf (Mfrag = 13–75 MJup), the planet-
mass object may appear in the subsequent star formation phase,
in which it is expected that the circumstellar disk cools to form
less massive clumps (Durisen et al. 2007).

Recently, Neuhäuser et al. (2005) observed a brown-dwarf
mass companion around GQ Lup with a separation of ∼100 AU.
In 2008, direct images of planet mass companions around
Fomalhaut (Kalas et al. 2008) and HR 8799 (Marois et al. 2008)
are shown, in which they have masses of 3–10 MJup with sepa-
rations of 24–98 AU. It is considered that there are two different
ways to form planets in the circumstellar (or protoplanetary)
disk: one is via core accretion (Hayashi et al. 1985) and the other
is via gravitational instability (Cameron 1978). In the core accre-
tion scenario, it is difficult to account for the formation of mas-
sive planet in the region far from the protostar (rsep ! 5–10 AU)
in the standard disk model (Perri & Cameron 1974; Mizuno
et al. 1978; Hayashi et al. 1985). On the other hand, a mas-
sive planet can form even in the region far from the protostar
by fragmentation due to gravitational instability when the disk
is sufficiently massive (Boley 2009). In this study, we showed
that, in the circumstellar disk, gravitationally bound clumps can
form in the region of rsep > 5 AU. In addition, our calculation
indicates that the massive circumstellar disks comparable to or
more massive than the protostar form in the main accretion phase
when the rotational energy of the molecular cloud is compara-
ble to the observations (10−4 < β0 < 0.07; Caselli et al. 2002).
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Comparing with 3D simulation 

• 105 years after the protostar is formed

3D simulation : 
• calculate from gravitational collapse of cloud 
core to formation and evolution of  protostar 
and protopranetary disk.

The disk has the structure that is in agreement 
with the result of 3D simulation.

3D

How to model the angular momentum transfer?

Machida et al. (2010)

• Surface density distribution  is waggly 
because of spiral arms.  
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Dependence on rotation profile of cloud core 

Angular momentum is well redistributed 
by the gravitational torque.

Rotation profile of the cloud core 
produces only a small effect on the disk.

The model in which α changes drastically when Q changes slightly
→ The structure of the disk is self-regulated.


